The cell structure of β-stable clusters in the inner crust of cold and warm neutron stars is studied within the Thomas-Fermi approach using relativistic mean field nuclear models. The relative size of the inner crust and the pasta phase of neutron stars is calculated, and the effect of the symmetry energy slope parameter, L, on the profile of the neutron star crust is discussed. It is shown that while the size of the total crust is mainly determined by the incompressibility modulus, the relative size of the inner crust depends on L. It is found that the inner crust represents a larger fraction of the total crust for smaller values of L. Finally, it is shown that at finite temperature the pasta phase in β-equilibrium matter essentially melts above 5 − 6 MeV, and that the onset density of the rodlike and slablike structures does not depend on the temperature.
I. INTRODUCTION
Nowadays, it is generally accepted the existence of the so-called pasta phase [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] in the inner crust of a neutron star close to the crust-core transition. Constituted by several types of complex structures such as e.g., rods and slabs, the pasta phase is a frustrated system formed as a result of the competition between the strong and the electromagnetic interactions.
The effect of the density dependence of the symmetry energy on the pasta phase has been discussed in several works [11] [12] [13] [14] . In particular, it has been shown that for very large values of the symmetry energy slope parameter, L = 3n 0 (∂E sym (n)/∂n) n0 , non-spherical structures (e.g., rodlike or slablike) are not expected in β-equilibrium matter, and that the number of nucleons in the clusters as well as the cluster proton fraction and the size of the Wigner-Seitz (WS) cell are sensitive to this quantity. It has been also discussed that L may have quite dramatic effects on the cell structure if its value is very large or small [9, 12, 13] .
In the present work the effect of L on the size of the inner crust will be discussed within a Thomas-Fermi (TF) formalism in the WS approximation in the framework of relativistic mean-field (RMF) nuclear models [6] [7] [8] [9] . The Tolman-Oppenheimer-Volkov equations (TOV) [15] will be integrated and the size of the inner crust as well as the localization of the pasta structures identified. In particular, it will be shown that smaller values of L favor a wider slab phase and a larger relative size of the inner crust with respect to the total crust, and a steeper crust profile.
We will also study the effect of temperature on the size of the inner crust. It will be shown that pasta clusters in β-equilibrium will completely melt for temperatures above 5-6 MeV. These results agree partially with the predictions obtained within a dynamical spinodal (DS) approach [16] [17] [18] . A similar calculation was done with Skyrme forces in Ref. [19] . The melting of the pasta phase was previously studied in [20, 21] , were the effect of thermal fluctuations was taken into account. It is expected that if thermal fluctuations are larger than the radius of the WS cell, the WS approximation breaks down. However, thermal fluctuations will not be considered in the present calculation and, therefore, the reader must interpret our results just as upper limits. The existence of non-homogeneous matter will affect the evolution of a supernova or proto-neutron star matter, in particular the diffusion of neutrinos out of the star [3] . Some preliminary results of the present study have been published in Ref. [14] .
The paper is organized as follows. The formalism is briefly reviewed in section II. Section III is devoted to the presentation and discussion of the results while the main conclusions are given in section IV.
II. FORMALISM
To describe the inner crust in this work we apply the self-consistent TF formalism presented in Refs. [7] [8] [9] . We use relativistic mean field nuclear models with constant couplings and non-linear terms [22] , and with density dependent couplings [23] . Within the first class of models, that we will designate by Non Linear Walecka Models, we consider the following ones: NL3 [24] with non linear σ terms, TM1 [25] with non linear σ and ω terms, NL3 ωρ including also non-linear ωρ terms which allow the modulation of the density dependence of the symmetry energy [26] , FSU [27] and IU-FSU [28] with non-linear σ, ω and ωρ terms. Within the second class of models with density dependent couplings we consider the models DD-ME2 [29] and DD-MEδ [30] . The latter, among the parametrizations considered, is the only one including the δ meson.
All the equations that allow the performance of the TF calculation are derived from the Lagrangian density
where the nucleon Lagrangian reads
with
and the electron Lagrangian is given by
The meson and electromagnetic Lagrangian densities are
The four coupling parameters Γ σ , Γ ω , Γ ρ and Γ δ of the mesons to the nucleons are density dependent in the relativistic density dependent models considered, namely, DD-ME2 [29] and DD-MEδ [30] . The non-linear term L nl is absent in these models. In all the other models, NL3 [24] , TM1 [25] , NL3 ωρ [26] , FSU [27] and IU-FSU [28] , the couplings are constant and at least some of the non-linear terms of L nl are included. In the above Lagrangian density τ is the isospin operator. For reference, we give in Table I the main properties of the above models at saturation density. We will discuss how sensitive is the structure of the non-homogeneous inner-crust of a neutron star to the properties of the Equation of State (EoS).
In the TF approximation of non-uniform npe matter, fields are assumed to vary slowly so that baryons can be treated as moving in locally constant fields at each point [6, 7] . The calculation starts from the grand canonical potential density, where {f i+ }({f i− }) with i = n, p, e stands for the neutron, proton and electron positive (negative) energy distributions, and S and E are the total entropy and energy densities, respectively [9] . The equations of motion for the meson fields (see e.g., Ref. [7] for details) follow from the variational conditions
where Ω = d 3 r ω. The numerical algorithm for the description of the neutral npe matter at finite temperature is a generalization of the T = 0 case which is discussed in detail in Refs. [7, 9] . The Poisson equation is always solved by using the appropriate Green's function according to the spatial dimension of interest, and the Klein-Gordon equations are solved by expanding the meson fields in a harmonic oscillator basis with one, two or three dimensions based on the method presented in Refs. [7, 9] . The interested reader is referred to these works for details of the calculation.
III. RESULTS
In this section we present and discuss the results obtained for the different models considered. The section is divided in three parts. In the first one our attention is focused on the sensitivity of the thickness and structure of the inner crust to the properties of the EoS. In the second one we discuss the effect of L on the density profile of the crust. Finally, in the last part we analyze the effect of finite temperature on the crust and the pasta phase. The discussion is done for neutron stars with masses M = 1, 1.44 and 1.6M ⊙ . The first two values have been chosen as representative masses since 1M ⊙ is smaller than the smallest neutron star mass detected until now and 1.44M ⊙ is the mass of the famous HulseTaylor pulsar. The value of 1.6M ⊙ is chosen to be slightly smaller than the maximum mass predicted by the FSU model. Results for the maximum neutron star mass configuration have also been obtained for all the models. A. Thickness and structure of the inner crust
We present here results for the pasta phase of β-equilibrium non-homogeneous matter obtained within our TF calculation at T = 0. As done by many authors, we assume that for some given conditions (temperature, density, proton fraction or chemical equilibrium) only a single geometry will be the physical one, i.e., the one with smaller free energy in comparison with homogeneous β-stable matter. At least five different geometries could in principle occur: droplets, rods, slabs, tubes and bubbles. However, due to the β-equilibrium the proton fraction is very small and only three of them are found energetically favorable: droplets, rods and slabs. These structures form a regular lattice that we study in the WS approximation. The TF approach is semiclassical and does not include shell effects. Nevertheless, it has been recently shown [12] that the main properties of the WS cells obtained within a TF calculation agree with Hartree-Fock (HF) [32] and Hartree-Fock-Boguliobov (HFB) [33] calculations which allow the inclusion of shell effects. For a comparison of HFB and TF results the interested reader is referred to Ref. [12] .
The complete stellar matter EoS is built by properly joining the inner crust part with the outer crust and the core ones. In this work, we assume that the core of the star is made only of nucleons, electrons and muons, and its EoS is obtained also in RMF approach imposing both β-equilibrium and charge neutrality. For the outer crust we consider the well known Baym-Pethick-Sutherland (BPS) EoS [31] . The TOV equations are then solved to determine the density profile of the neutron stars with the masses M = 1, 1.44, 1.6M ⊙ and M max mentioned before.
In Table II we show for the different models some of the features of the inner crust structure. All the models have a slab and a rod phase which together define the thickness of the non-droplet pasta, except for the NL3 and TM1 models. For these two models the inner crust is only formed by droplets in a neutron gas background. This is, as shown in Ref. [11] , due to the high value of L for these two models, 118 MeV and 110 MeV, respectively.
In order to help the discussion, the results of Table II are also plotted, in Figs. 1 and 2. In Fig. 1 , the thickness of the total crust (full symbols) and inner crust (empty symbols) are shown in the top panel, and the thickness of the total non-droplet pasta phase (full symbols) and the slab phase (empty symbols) are plotted in the bottom panel. In Fig. 2 we plot the ratios of these quantities: the fraction of the inner crust with respect to the total crust (top panel), the fraction of the non-droplet pasta extension with respect to the total inner crust (middle panel) and the fraction of slab phase size with respect to the total non-droplet phase (bottom panel). The different models are ordered according to the magnitude of the slope L, which increases from left to right. From Fig. 1 we see that no clear trend is found in the thickness of the different parts as a function of L. Instead, we have found (see Fig. 3 ) that the size of the total crust is mainly defined by the incompressibility of the EoS (cfr Table I ). In particular, the models NL3, NL3ωρ, TM1, followed by DDME2, have the largest crusts and the largest incompressibilities. In general, a systematic behaviour is observed with the mass of the star: the larger the mass, the thinner the crust and its sub-layers. For instance, in all cases for M = 1 M ⊙ the crust thickness lies between 1.5 and 2 km, while for the maximum mass configurations it is mainly below 0.5 km.
The top panel of Fig. 2 shows that the inner crust occupies > ∼ 55% of the total crust size, except for NL3 and TM1, for which it reduces to ∼ 50% of it. Once more, a systematic dependence upon the star mass is found: the fraction of the crust occupied by the inner crust increases with the star mass and there is a difference of ∼ +2% between a star with 1 and 1.6 M ⊙ .
Next, we come to the size of the non-droplet pasta phase, the phases that correspond to a frustrated system. In a 1 M ⊙ star the non-droplet pasta size is smaller than 200 m (Fig. 1 bottom) . Its relative size is slightly smaller in less massive stars (Fig. 2 middle) . Within the non-droplet pasta phase, we find in our results slabs and rods phases. The slab fraction corresponds to ∼ 35−40% of the total non-droplet pasta phase for all the models, apart from IU-FSU, where it is almost 60% and DDME2 with ∼ 30 − 35% (Fig. 2 bottom) . The different behavior of IU-FSU is mainly due to the small proton fraction in the cluster. IU-FSU has a small value of the symmetry energy slope at subsaturation densities, which affects the surface tension giving quite a high surface tension, see [12] , and preventing the neutron drip. A small proton fraction in the cluster favors the slab geometry with respect to the rod geometry because the surface energy decreases with the proton fraction. On the contrary, a smaller surface tension favors the neutron drip. Clusters are more isospin symmetric and the droplet geometry is favored. This could explain the behavior of DDME2 with the smallest fraction of the non-droplet pasta phase. In Ref. [12] it is shown that the DDME2 and NL3 models have the smallest surface energies for nuclear symmetric matter.
In Ref. [37] the effect of the nuclear pasta on the crustal shear phenomena was studied. In particular, two limits were considered, namely the pasta as an elastic solid and as a liquid. In the first case the shear modulus was calculated at the crust-core transition while in the second case it was done at the transition from the droplet phase to the non-droplet pasta phase. For models with no nondroplet pasta phase, such as NL3 and TM1, there is no difference between these two pictures. However, models with a symmetry energy slope L below 80 MeV, have a non-droplet pasta phase, and the ratio shear modulus to pressure can be as high as two times larger if the pasta is considered an elastic solid and L = 40 MeV. An intermediate picture would consider the rod phase as an elastic solid and the slab phase as a liquid phase.
Comparing our results with the ones discussed in [37] a couple of comments are in order. First, the incompressibility of the EoS seems to have an important influence on the total crust, so that DDME2 with L = 51 MeV has a larger crust than FSU with L = 60 MeV. Second, except for NL3ωρ with a large K 0 , all the other models predict the non-droplet pasta phase of the 1.44 M ⊙ star with a thickness of ∼ 80 m, similar to the one calculated in [37] .
As mentioned before both the incompressibility and the density dependence of the symmetry energy affect the size of the inner crust. We have obtained a possible correlation between the ratio E sym /K 0 and the inner crust thickness. This correlation is shown in Fig. 3 . This should be further investigated and confirmed with a larger set of models. The correlation is worse for the 1.6 M ⊙ star, probably because this mass lies closer to the maximum mass configuration. The slope obtained for the three star masses analysed is ∼ −9.5 ± 15% Km. is shown for the models NL3 and FSU in Figs. 4a and 4b , respectively, since these two models predict the largest and the smallest maximum mass configuration.
All the other panels of Fig. 4 show, instead, for the whole set of models under discussion, only the last ∼ 2 km of the star profile close to the surface. The results determined with the same EoS presented in the previous section (i.e., including the TF calculation of the inner crust) are represented by a solid black line, and the transitions between the different phases of the inner crust are identified with black full symbols. For comparison, it is also shown the result obtained joining the BPS EoS directly to the homogeneous stellar matter EoS (red dashed lines). In this case, the transition from the BPS to the homogeneous matter is shown by a red empty symbol. The EoSs of the inner crust obtained within the TF framework and used to calculate the crust profiles are given in Tables IV and V of the Appendix. Within the same model, a larger mass corresponds to a steeper profile, as expected, due to the larger gravitational force. In models with a large incompressibility, like NL3, TM1, NL3ωρ and DDME2, and taking only the 1, 1.44 and 1.6 M ⊙ stars, the star with the largest mass has the inner crust at a larger distance from the center. On the contrary, in the case of FSU, IU-FSU and DDMEδ there is a larger concentration of mass at the center because the EoS is softer, and the crust is pushed more strongly towards the center of the star: this explains why for IU-FSU and DDMEδ the profiles of the 1.44 and 1.6 M ⊙ stars are almost coincident, and for FSU the profiles of the 1.0 and 1.44 M ⊙ stars cross, while the crust of the 1.6 M ⊙ one has the smallest distance to the star center. Notice that for NL3, TM1, and DDME2 also the maximum mass star has the smallest radius.
One interesting conclusion is that taking into account the correct description of the inner crust in the total stellar EoS is more important for the softer EoS and with smaller slopes L. However, on the whole, using the BPS EoS for the outer crust and an EoS of homogeneous stellar matter for the inner crust and core gives good results for the stellar profiles.
C. Finite temperature effects on the crust
In this section we present the results of a finite temperature calculation of the crust size for β-equilibrium matter. Our main objectives are: i) to determine the critical temperatures below which clusterization should be taken into account; ii) to verify how temperature affects the pasta phase, particularly the transition between the different geometries and the size of the cells; and iii) to determine the melting temperature of clusters with different geometry. We perform the study using both a finite temperature TF calculation of the pasta phase and the finite temperature dynamical approach within the relativistic Vlasov formalism [16] [17] [18] . In the latter case, the crustcore transition is defined by the intersection between the β-equilibrium EoS and the dynamical spinodal (DS); The cluster size is identified with half the wavelength of the density fluctuation [16, 17, 19] . The results are shown in Fig. 5 for the TF calculation; a comparison between the TF and the DS calculation is done in Fig. 6 and in Table  III .
The critical temperature is model dependent and both the density dependence of the symmetry energy and the incompressibility affect this quantity: a smaller value of L and a smaller K 0 favor clusterization at larger temperatures. The results obtained within the TF approach are compatible with the estimations calculated using the dynamical calculation at the bottom of the inner crust. Close to the outer crust the dynamical calculations estimations give much larger densities. This could be expected, considering that in the TF calculation the inner crust in this region is formed by small droplets inside cells with a much larger radius. On the other hand, the dynamical calculation considers always that the cluster size is half the WS cell, and therefore, has a much larger surface energy contribution. Our results are compatible with the ones obtained in Ref. [19] (see Fig. 11 of this reference), where most of the results have been obtained for Skyrme forces.
From the middle and lower panels of Fig. 5 , we observe that the droplet-rod and the rod-slab transition densities do not depend on the temperature. However, the melting temperature of the three geometries is different, with the droplets surviving up to higher temperatures.
In the present calculation we suppose that the WS cells exist until the clusters melt. This is an approximation that will probably break down close to the melting point due to thermal fluctuations, and therefore, the numbers obtained should be interpreted as an upper limit. The problem of the effect of thermal fluctuations on the pasta structures has been studied in Refs. [20, 21] and it has been shown that thermally induced displacements of the rodlike and slablike nuclei can melt the lattice structure when these displacements are larger than the space available between the cluster and the boundary of the WS cell. Moreover, it was also shown that slablike nuclei would more easily be dissolved, while the rodlike were expected to survive at temperatures relevant for supernova cores. In the present calculation, except for IU-FSU, all models predict the melting of the slabs at a temperature T < 3 MeV, while the rods will melt at temperatures one MeV higher, see Table III . Neglecting thermal fluctuations we expect that clusters will survive in β-equilibrium matter at temperatures below 5 − 6 MeV, approximately twice the melting temperature of non-droplet structures. We next analyse the effect of the temperature on the size of the WS cells. In Fig. 7 we plot the WS radius as a function of the temperature for all the models. We select three reference densities: ρ =2.76 ×10 −4 and 2.02 
×10
−2 fm −3 , at which the clusters are spherical for all models, and ρ = 6.73 × 10 −2 fm −3 , where all are in rod phase except IU-FSU, that is in a slab phase. In Fig. 8 we focus on the TM1 model, which only shows spherical clusters, and plot the radius of the WS cell versus density at different temperatures.
In general, for the densities shown, the WS radius increases with the temperature, but for ρ = 2.02 × 10 −2 fm −3 the R W S suffers a small decrease of the order of 0.5 fm below T = 3 − 4 MeV. The surface energy decreases with temperature, and, as a result, we could expect that the Wigner Seitz radius would decrease with temperature. This, in fact, occurs for temperatures well below the critical transition temperature to homogeneous matter, corresponding to the behavior below T < ∼ 4 MeV in the Fig. 7 middle panel for most of the models considered, or to the IUFSU below 7 MeV and NL3ωρ below 2 MeV in the bottom figure. However, for temperatures close to the critical temperature, the Wigner Seitz radius increases most probably due to the restrictions of the present calculation which does not allow the freedom for the cluster to choose the shape that minimizes the free energy. A similar behavior was obtained within a different formalism, namely considering plane-wave density fluctuations and relating the wave number of the unstable modes with the Wigner Seitz cell size. In [19] and [18] , both in the framework of the non-relativistic Skyrme interactions and the RMF nuclear models, the Wigner Seitz cell increases with the temperature. In this case the size of the Wigner Seitz cell is identified with the wave-length of the perturbation, and the cluster size with half-wave length, and the system does not have the freedom to have the size of the cluster and of the cell uncorrelated.
We have performed a calculation of the WS radius within a DS calculation for TM1 and T = 0, and 1 MeV (thick lines in Fig. 8 ). TF and DS give similar sizes for T = 0 MeV at the bottom of the inner crust, where the dynamical calculation predicts non-homogeneous matter. However, in general the DS predictions are quite different from the TF results, in particular quite smaller at T = 0
MeV and larger at finite T .
IV. CONCLUSIONS
In the present work the inner crust, including the non-spherical pasta phases, was calculated within a self-consistent Thomas-Fermi approach [7, 8] for β-equilibrium matter at zero and finite temperature. Several relativistic nuclear models, both with constant and density dependent couplings, have been considered.
All models, except NL3 and TM1, both with a symmetry energy slope at saturation above 110 MeV, predict the existence of lasagna-like structures that may have an important contribution to the specific heat of the crust [36] .
The effect of the inner crust EoS on the neutron star profiles was also analysed. It was verified that a smaller slope gives rise to a steeper crust density profile and a larger inner crust with respect to the total crust. It may also enhance the slab phase size as observed in IU-FSU.
It was observed that the star profile obtained using the TF inner crust calculation or the homogeneous EoS above the outer-inner crust transition did not differ much except for the models with a large symmetry energy slope.
The finite temperature calculation of the pasta phase in β-equilibrium has shown that non-homogeneous matter is expected for temperatures below 5-6 MeV, the only exception was obtained with the parametrization IU-FSU which only melts at 9.5 MeV. Non-spherical structures, rodlike and slablike, melt above, respectively, 2-3.5 MeV and 1-3 MeV. It was also verified that the onset density of the rodlike and the slablike structures is independent of the temperature.
Finally, it was shown that a DS calculation is able to give a good prediction of the crust-core transition, even at finite temperature. However, considering the size of the WS cells, this formalism fails except for T = 0 MeV close to the crust-core transition. 
